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Abstract—With the swift advancement of information technol-
ogy, vast amounts of high-dimensional data have accumulated
across various domains. Clustering such data presents a sig-
nificant challenge, as existing methods often suffer from slow
execution speeds and reduced clustering accuracy. To tackle these
issues, we introduce the granular-ball approach, which aims to
decrease the number of sample points and enhance processing
speed, while also improving clustering accuracy through fea-
ture selection. Granular-ball computing, a coarse-grained data
representation technique, has demonstrated its advantages in
enhancing classification and clustering models in recent studies.
However, current granular-ball division techniques are inade-
quate for high-dimensional data. To confront the complexities
arising from clustering high-dimensional data and improve upon
existing granular-ball methods, this paper proposes a novel
granular-ball division approach that leverages pseudo-labels and
feature selection. This new method enables the identification
of anchor points through an improved granular-ball division
process, leading to the development of a fast spectral cluster-
ing algorithm for high-dimensional data, termed PLGB-FSC.
Specifically, we initially employ weighted K-Means for feature
to generate pseudo-labels. Subsequently, we conduct a primary
stage of feature selection by utilizing the mutual information
between pseudo-labels and features, thereby eliminating the
interference caused by irrelevant features. We further refine the
feature selection by combining standard deviation and pearson
correlation coefficients to choose mutually independent features.
Using these pseudo-labels, we then perform granular-ball division
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to obtain anchor points. Lastly, we construct a similarity matrix
between all sample points and the anchor points, and leveraging
spectral clustering for definitive clustering outcomes. Experimen-
tal evaluations reveal that PLGB-FSC surpasses state-of-the-art
algorithms such as W-KMeans, WGB, GB-USC, RC-PCA-SC,
GLUFC, FGOC, SFESA, SPCAFS, and LLSRFS, and it achieves
higher accuracy and faster execution speed. The source code is
available at https://github.com/DongdongCheng/PLGB-FSC.

Index Terms—Granular-ball Computing, Feature Selection,
Pseudo-label, High-dimensional data clustering

I. INTRODUCTION

In the era of big data, fueled by rapid advancements in
information technology, the scale and dimensionality of di-
verse data have been experiencing an exponential growth. Ex-
tracting useful information efficiently from high-dimensional
datasets poses a crucial challenge within the realm of data
science. High-dimensional data pervade numerous application
domains, encompassing gene expression data [1], machine
learning [2], data mining [3], and image processing [4], where
traditional analytical and processing techniques often fall
short. Consequently, the development of efficient clustering
algorithms tailored for high-dimensional data is of paramount
importance.

To overcome the challenges posed by high-dimensional
data, feature selection [5] has emerged as a pivotal dimen-
sionality reduction technique, attracting substantial attention.
Li et al. [6] reframed PCA as a task focused on minimizing
reconstruction errors, incorporating an [, ,-norm regularization
to induce sparsity in the projection matrix. Subsequently,
this sparse orthogonal projection matrix was leveraged to
identify and select salient features. When running on data
with 7,000-dimensional features, the processing time reached
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2,300 seconds. Wang et al. [7] first built an adaptive anchor-
neighbor graph and preserved data manifold via spectral anal-
ysis. They then regularized the projection to match the low-
dim embedding. Finally, a constraint of [ g-norm enhanced
subspace sparsity. Running the algorithm on features with the
same dimensionality took 180 seconds. It can be observed that
the runtime for feature selection of high-dimensional data is
generally not ideal.

Traditional spectral clustering methods are computationally
expensive, the eigen decomposition of Laplacian matrix re-
quires a time complexity of O(n?) and a space complexity of
O(n?), where n is the number of sample points. To alleviate
the computational burden of spectral clustering, researchers
have adopted anchor points techniques [8] to reduce the size of
the similarity matrix. Anchor points are used as representatives
of all sample points and can well reflect the distribution
characteristics of the samples. Subsequently, they construct
a similarity matrix based on the similarity between sample
points and anchor points, and perform clustering operations on
this matrix. Liu et al. [9] used K-nearest neighbors to generate
anchor points, while Liu et al. [10], Nie et al. [11], and Zhang
et al. [12] employed the balanced k-means-based hierarchical
k-means (BKHK) algorithm. However, these methods struggle
to capture the true distribution of high-dimensional data,
leading to suboptimal similarity matrix and poor clustering
performance.

Granular-ball computing is a new modeling approach in the
field of multi-granularity cognitive computing. Xia et al. [13]
implemented a coarse-to-fine approach to create granular-balls
of various granularity. By utilizing granular-balls of different
sizes, they effectively represented and encompassed the sample
space. These granular-balls serve as a means of both covering
and representing data, providing a precise characterization of
the sample space by serving as input elements. Leveraging
this concept, they devised innovative and efficient machine
learning models, such as SVM [14], K-Means [15] and so on.
Despite its application in diverse models, existing granular-ball
generation methods fall short in managing high-dimensional
data, because they rely on Euclidean distance to assess simi-
larity between sample points.

Using granular-balls as input not only reduces the data
volume but also improves computational efficiency, while
maintaining accuracy. However, the existing granular-ball
computing model [13], [14] uses a supervised metric, purity,
to evaluate the quality of a granular-ball. The purity is defined
as the proportion of the majority of samples belonging to
the same class. If the purity of a granular-ball is larger
than the threshold, it means that the granular-ball has high
quality and well represents the distribution of local data. In
unsupervised clustering, since the data lack labels, inspired by
the work in [16], we expect to use pseudo-labels to calculate
the purity of granular-balls and employ it to assess whether
a granular-ball needs to be divided. To address the failure
of Euclidean distance in high-dimensional data, we introduce
feature selection in the process of granular-ball division. By in-
tegrating feature selection and pseudo-label into the granular-

ball division process, our method effectively addresses the
challenges of high-dimensional clustering. Based on pseudo-
labels, we define the fake-purity of granular-ball and use it
to determine whether a granular-ball should be divided. We
perform unsupervised granular-ball division to obtain granular-
balls and use the centers of the granular-balls as anchor points,
so that it improves the effectiveness of spectral clustering
for high-dimensional data. In simple terms, the method uses
mutual information for the first stage feature selection, and
introduces pseudo-label and the second stage feature selection
to aid in the granular-balls division. Based on the anchor
points obtained from the granular-balls, a similarity matrix
is constructed with all sample points, and finally, spectral
clustering is applied to obtain the final clustering results. The
key contributions of this paper lie in the following aspects:

1) We utilize weighted K-Means to assign pseudo-labels to
each sample point and introduce the notion of “fake-purity”
to evaluate the granular-balls’ quality based on these pseudo-
labels. Consequently, we propose a novel granular-ball division
technique.

2) We integrate feature selection and pseudo-labels into
the granular-ball division process to ensure the final granular-
balls better fit the distribution of high-dimensional data. The
first stage feature selection uses mutual information between
features and pseudo-labels, filtering out irrelevant features.
In the granular-balls division, we further select independent
features based on feature importance for each granular-ball.

3) Experiments on 9 real datasets show that compared to
the current newest method LLSRFS, our approach improves
clustering accuracy by 10.74% and speeds up the running time
by 74.04%.

II. RELATED WORK
A. Feature Selection

Unsupervised feature selection encompasses three cate-
gories: filter methods [17], wrapper methods [18], and em-
bedded methods [19]. Filter methods operate independently
of models, aiding large-scale data preprocessing but may
overlook feature interdependencies, leading to redundancy
[20]. Wrapper methods integrate feature selection with data
mining, enhancing task performance but demanding high
computation, potentially weakening generalization. Embedded
methods seamlessly incorporate selection in model training,
offering efficiency and excelling in large feature spaces with
tight timelines.

However, hybrid feature selection is currently the most
popular. This approach amalgamates the strengths of diverse
feature selection methodologies [21], leading to the develop-
ment of numerous hybrid feature selection techniques over
time. In the work of Xu et al. [22], a hybrid approach to feature
selection tailored for high-dimensional gene expression data
was introduced. This algorithm initially employs spectral clus-
tering to eliminate redundant features, subsequently allocating
the remaining features evenly following a strategic index-
ing approach. Subsequently, a population-driven evolutionary
multi-objective genetic algorithm is leveraged to explore the
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Fig. 1. Overall framework of the PLGB-FSC.

filtered feature subsets, evaluating candidate subsets through
both intra-cluster and inter-cluster criteria. Alhenawi et al. [23]
devised a hybrid strategy for microarray data analysis, fusing
an ensemble filtering approach with an enhanced Intelligent
Water Drops (IWD) algorithm functioning as a wrapper. In
each iteration of the enhanced IWD, one of three local search
heuristics, tabu search, a novel local search mechanism, or
hill climbing, is integrated. The original IWD algorithm is
augmented with a correlation coefficient filter as a guiding
principle for selecting the subsequent node, fostering improved
feature selection.

B. Granular-Ball Computing

Human cognition exhibits a marked preference for large-
scale processing [24], with the brain naturally inclined to
progress from broad to specific, coarse to fine, contingen upon
the context. Capitalizing on this cognitive trait, Xia et al.
[13] proposed granular-ball computing. This methodology en-
tails approximating data distributions using various granular-
balls: larger balls signify coarse granularity, while smaller
ones denote fine granularity. Given a dataset X, we define
GB; (j = 1,2,...,m) as a granular-ball generated from
X, with m representing the total number of granular-balls.
Each granular-ball GB; comprises n; data points, denoted as
GBj = {x; | i = 1,2,...,n;}. In normal form, the center
point ¢; of GB; is calculated as the mean of all data points
x; and the radius r; of GB; is the average distance from all
data points to its center c;.

Researchers have conducted extensive research on granular-
ball computing. In the unsupervised learning domain, Cheng
et al. [25] innovate by introducing granular-ball for efficient,
high-quality anchor-based manifold learning. Xie et al. [26]
introduced a weighted granular-ball clustering method with
local iterations for parameter-free weight calculation and high-

dimensional data. In the context of fuzzy stream clustering,
Xie et al. [27] introduced a granular-ball structure with fuzzi-
ness for efficient, accurate data stream clustering, mitigating
efficiency issues and cluster overlap due to concept drift. In
the supervised learning domain, Yang et al. [28] introduced an
advanced granular-ball generation method, DBGBC, which is
based on DBSCAN and significantly improves the quality of
the granular-balls. In the field of Natural Language Processing
(NLP), Wang et al. [29] proposed a novel GBRAIN framework
that leverages dynamic granular-ball clustering and coarse-
grained representation learning to combat label noise. In terms
of improvements to granular-ball, Xia et al. [30] introduced
a method that replaces K-Means with division to expedite
the generation of granular-balls, achieving comparable accu-
racy to existing methods while doing so. Current granular-
ball methods are primarily utilized for large-scale datasets.
However, in high-dimensional data, numerous irrelevant and
redundant features can interfere, rendering Euclidean distance
ineffective. Consequently, these methods are not ideal for high-
dimensional scenarios. To address this, feature selection is
integrated into the granular-ball division process. Besides, to
evaluate the quality of granular-balls in an unsupervised way,
we introduce pseudo-label and use it to compute fake-purity.

C. Spectral Clustering

Spectral clustering is a technique that uses graph theory and
linear algebra for data clustering. It stands out in its ability
to handle complex, non-convex shapes and high-dimensional
datasets. The main idea of spectral clustering is to represent
the relationships between sample points by constructing the
Laplacian Matrix of a graph, and then use its eigenvalues and
eigenvectors for clustering.

Recent improvements in spectral clustering have been quite
significant. Huang et al. [31] used mixed representatives and
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k-nearest neighbors for sparse affinity submatrices, achieving
fast clustering via spectral cuts. Liu et al. [9] introduced
granular-ball computing for manifold learning and proposed
a fast spectral embedding clustering algorithm. Xie et al.
[32] proposed a granular-ball-based spectral clustering that
optimizes similarity matrix construction for large datasets,
reducing time and memory usage while maintaining clustering
accuracy. Zhang et al. [12] presented an efficient ensemble
clustering approach that leveraged K-nearest neighbors, anchor
graphs, and SVD to reduce runtime on large datasets. Bai
et al. [33] introduced a self-constrained spectral clustering
algorithm that learns results and constraints simultaneously.
Nie et al. [34] proposed Direct Spectral Clustering (DSC),
which optimizes the clustering process by learning a weighted
indicator matrix and structured similarity matrix. However,
these techniques fail to accurately represent the true distri-
bution of high-dimensional data, resulting in a suboptimal
similarity matrix and poor clustering performance.

III. OUR PROPOSED METHOD

In this section, we introduce a granular-ball division method
for high-dimensional data and propose an efficient clustering
algorithm based on it. The method first uses weighted K-
Means on features to obtain pseudo-labels [16] for the dataset.
These pseudo-labels are used to eliminate irrelevant features
and assess the quality of granular-balls during the division
process, ensuring high-quality anchor points. Specifically, we
select features by calculating the mutual information between
each feature (d features) and the pseudo-labels to obtain p;
features (p; < d). For each granular-ball, we use standard
deviation [35] and pearson correlation coefficients [36] to
select mutually independent features p2 (p2 < p1) for division,
and evaluate the quality of granular-balls using pseudo-labels
to determine whether further division is needed. Then, we
obtain m anchor points based on the centers of granular-balls
and construct a similarity matrix between all sample points
and the anchor points. Finally, an efficient spectral clustering
algorithm is used to obtain the final clustering results. The
overall framework is shown in Fig. 1.

Algorithm 1 Get Pseudo-labels

Input: Dataset X € R™*?, the number of clusters k, and feature
weight W0 =[1,...,1] € R%
Output: Pseudo-labels Y € R™*!;
1: Initialize cluster centers C° using Max-Min Distance.
: Assign the data to the nearest cluster center C° to obtain the
partition matrix U°.
t=0;
: while True do .
Fix C = C* and W = W*, update U*;
Fix U = U®TD and W = wt, update ct;
Fix U = U"*Y and C' = C"*Y), update W*;
it P(U,C, W) == P(U,C, WD) or t > 20 then
9: break
10: end if
11: t=t+1;
12: end while
13: return Y;

(3]

A A

A. Pseudo-label Based on Weighted K-Means

Given a dataset X = {x1,29,...,2,} € R"*% where
x; presents an individual data sample, with n samples and
d features. The K-Means clustering algorithm encounters
challenges in dealing with high-dimensional data, potentially
compromising clustering accuracy. Therefore, to enhance the
precision of pseudo-labels, we introduce a weighted K-Means
approach that can yield better clustering results. The specific
algorithmic process of getting pseudo-label is outlined in
Algorithm 1. The objective function is as follows:

k n d
P(U,CW) =miny > Y uiqwid(wijcq;),
g=1i=1j=1

. (1)
st Y ug=1, 1<i<n.
q=1

where

e U serves as an n x k partitioning matrix, with each
element u; , being a binary indicator. When u; 4 = 1,
it signifies that the data point ¢ belongs to cluster g.
The constraint condition indicates that each sample only
belongs to one cluster.

e C = {C1,C,,...,Cy} represents the central points of
the k distinct clusters.

o d(x;;,cq,;) denotes the distance or dissimilarity between
object ¢ and the center of cluster ¢ for the j-th variable,
which is computed using the squared Euclidean distance.
Thus,

d(wi 5, Cq5) = (ij — Cq )7 2

e [ is determined according to commonly used empirical
rules. In this paper, § is set to 3 or 10.

o W = [wy,ws,...,wy] represents the weights for the d
variables, where w; denotes the weight of the j-th feature.

Thus,
0 ifD; =0
. 1 .
’lUj_ ﬁ lfl)j§é07
D\
f;( t> @)
d
st Y wj=1, 0<w; <1
j=1

where D; = Z’;zl Yo wig(@i — cqyj)2 represents the sum
of the distances from each sample point in the cluster to the
cluster center, and h is the number of features where D; # 0.
Initially, W is set to 1 for all components.

Below, we will prove how W is obtained.

Proof.

Given fixed U and C, the objective function for updating
W becomes
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n

SN

j=1  q¢=1i=1

(ti,q) d(wi5,¢q,5)

4)

If D; =0, then w; = 0. For D; # 0, we incorporate

the constraint Z _,wj = 1 into the ObjeCthC function using

Lagrange multlpllers Let « be the multiplier, and ¢(W, «) be
the Lagrangian function:

qﬁ(VV,a)szij—l—a ij—l . ®)

To minimize ¢(W, a), the gradients must vanish. Thus, we
need to compute the partial derivatives with respect to W and
a:

(W, é
90WV.&) _ 5y 51D, v a—0 for1<j<h, (6
ow
d
= ; —1=0. @)
j=1
According to Eq. (6), we obtain
_1
o (_dyl for 1 <j<h (8)
W; = | =— orl1 <j<h.
J /BDJ

Substitute Eq. (8) into Eq. (7):

h _& ﬁ%l
— =1. 9)
; (5Dt>

Then, solving for &, we obtain:

v 1 1
(-4) 7T = . (10)
h —1
e
Substituting Eq. (10) into Eq. (8) yields:
1
Wy = ————. (11

i ()7

B. Feature Selection in the First Stage

Mutual Information (MI) [37] is used to measure the cor-
relation or the degree of information sharing between two
random variables. However, high-dimensional data contain
irrelevant features. To reduce interference during granular-
ball division and similarity matrix construction, the mutual
information values of each feature are obtained according to
Def. 1, sorted in descending order, and the top p; features are
selected to eliminate the interference of irrelevant features.

Definition 1 (MI between Pseudo-labels and Features):
Given a feature set D = [Dy, Ds, ..., Dg] and pseudo-labels
Y, the mutual information MI(D;; Y) between each feature
D; and the pseudo-labels Y is calculated as follows:

Zw D;.

=Y > p(d,§)log, (%) ;12

deD; §eY

where MI(D;Y) € R, p(d,) serves as the joint prob-
ability distribution, capturing the likelihood of both D; = d
and Y = § occurring concurrently. Meanwhile, p(d) and p(7)
represent the marginal distributions of D; and Y, quantifying
the probabilities of D; and Y attaining specific values d and
Y.

A larger MI(D;;Y) score indicates a stronger relevance
of the i-th feature to the pseudo-labels, thereby facilitating
the selection of features characterized by significant mutual
information.

C. Feature Selection in the Second Stage

In this section, we delve into the second stage feature selec-
tion tailored for granular-ball division. This refinement stage
stems from the feature redundancy and the various degrees of
feature importance and redundancy within individual granular-
balls. Notably, features exhibit distinct behaviors across dif-
ferent granular-balls, with some displaying high discriminative
capabilities in certain granular-balls while appearing redundant
in others. Consequently, it becomes imperative to undertake an
individualized feature selection process for each granular-ball,
ensuring that only the most pertinent features contribute to
the division process. Therefore, we select different features
when dividing different granular-balls, which can solve the
high-dimensional problem of existing granular-ball generating
methods.

By conducting feature selection specifically for each
granular-ball, we can precisely pinpoint and retain the most
discriminative features that effectively differentiate samples
within particular subset. This approach minimizes redundant
information, thereby bolstering the algorithm’s efficiency and
accuracy. It ensures that the feature selection process is tar-
geted and effective, yielding a feature set that not only di-
minishes redundancy but also exhibits superior discriminative
capabilities across diverse granular-balls.

Definition 2 (The Standard Deviation of a Feature):
The standard deviation dis is used to measure the degree
of deviation of data points from the mean in a dataset. The
calculation is as follows:

-3 (13)
$ i=1
dis = Z(xl— —u)?, (14)

where dis € R'*?1, s represents the number of sample points
in a given granular-ball, and u represents the mean of all
sample points in a granular-ball.

The larger the dis , the higher the discernibility of the
feature. A feature which can effectively distinguish different
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classes has greater variability, so its standard deviation is
larger. This dispersion signifies its effectiveness in distinguish-
ing classes, pivotal for classification tasks. Hence, this paper
suggests assessing a feature’s class differentiation ability via
its standard deviation. A higher deviation implies greater dis-
tinction between class values, fostering superior classification
outcomes.

The pearson correlation coefficient assesses the degree of
association between two variables. The lesser the magnitude
of its absolute value, the weaker the correlation between the
two variables is.

Definition 3 (Feature Independence Based on Pearson
Correlation Coefficient): The feature independence is defined
as the reciprocal of the sum of the absolute values of the
pearson correlation coefficients. For the feature with the high-
est discernibility, its independence is defined as the reciprocal
of the minimum sum of the absolute values of the pearson
correlation coefficients. The calculation is as follows:

S S
min(pL, [rp,,p, 1)
1
Zgil |rDava I

if maXa:I,..A,pl {dlsll}

ind; = . (15)

otherwise

_ > iy (®ia — Da)(xip — Dp)
TD,,Dy = - - — _
\/zqizl(xi,a —Dy)2 > (x4 — Dy)?

where a,b = 1,...,p1, i = 1,...,s and ind € RP1*1. D,
represents the b-th feature, and p; (p1 < d) denotes the number
of features selected after applying mutual information for the
first feature selection.

Definition 4 (The Significance of a Feature): The signifi-
cance of features D, denoted as score € RP1*1 is defined as
the product of feature discernibility and feature independence.
The calculation is as follows:

(16

score = disT x ind, a7n

where score; represents the score of the i-th feature, and a
larger score; indicates that the feature D; is more important.
Because the standard deviation reflects the dispersion of a
feature, while the pearson correlation coefficient measures the
linear correlation between features. By combining the product
of both, we can effectively filter out features that are both
redundant and have little variation, thus further reducing the
negative impact of redundant features on distance calculations.

Before dividing the granular-ball, we first calculate the
feature discernibility (Def. 2) and feature independence (Def.
3) for all sample points within the granular-ball. By multiply-
ing the computed standard deviations and pearson correlation
coefficients for each feature, we obtain the final feature
importance score (Def. 4). A higher score; indicates that
the feature is more important. Features are then ranked from
highest to lowest based on their scores, and the top p, features
are selected. The granular-ball is then divided into two sub-
granular-balls using 2-means clustering based on these po
features. The rationale for performing the second stage feature

selection before dividing the granular-balls will be explained
in the ablation study in Section IV.F.

D. Granular-ball Division Based on Pseudo-label

The acquisition of anchor points typically relies on either
random sampling or K-Means clustering. However, despite
their simplicity and efficiency, both methods fall short in
adequately describing the dataset’s distribution, resulting in
anchor points that lack representativeness. In light of this,
Xia et al. [13] introduced granular-balls for data adaptiveness,
assuming similar distributions cluster into the granular-ball.
In this paper, we combine pseudo-labels and feature selection
with granular-balls to generate high-quality anchor points. The
process of granular-ball division is illustrated in Fig. 2.

(d) (e) (f)

Fig. 2. Granular-ball division process. (a) The initial dataset. (b) The entire
dataset is initially considered a single granular-ball. (c) Using the second
feature selection, 2-means splits the granular-ball into two. (d) Following
the second iteration, the granular-balls undergo refinement, resulting in four
distinct balls. (e) The final stage partitions the data into m granular-balls. (f)
The centers of the granular-balls (anchors).

Definition 5 (Fake-Purity of Granular-ball): Given a
granular-ball GB where the data is divided into ¢ clusters
(p1,---,pt, 1 <t < k), the fake-purity of the granular-ball is
defined as the ratio of the number of data points in the largest
cluster to the total number of data points in the granular-ball.
The calculation is as follows:

max(|pi|)
S lml
where p; represents the number of sample points in the i-th
cluster.

Definition 6 (Anchor Point Set): Given a granular-ball
G B, the center point of the granular-ball GB is called an
anchor point. The anchor point set B is the collection of these
center points of granular-balls. For the f-th granular-ball GBy,
its center is denoted as center ;. The calculation is as follows:

F — purity(GB) = (18)

1 S
centery = 3 in, z; € GBy, (19)
=1
B = {centery,...,center,,}. (20)

The entire dataset initializes as a single granular-ball G B.
We set a fake-purity threshold 6 to determine whether a
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granular-ball should be divided. If the fake-purity of the
granular-ball exceeds the threshold 6, no division occurs; else,
2-means is applied for further division. Algorithm 2 outlines
the process to obtain the anchor point set B.

Clustering high-dimensional data involves selecting relevant
features via mutual information, but redundancy may per-
sist. To enhance granular-balls quality, we apply the second
stage feature selection (Section III.C) to eliminate redundant
features before dividing the parent granular-ball GBpurent
into GB.pi1q1 and GB.pii42 using 2-means on py features.
Post-division, child granular-balls revert to p; features since
each granular-ball may have different important features. Each
division is done according to this rule. Division of child
granular-balls hinges on their fake-purity (Def. 5). If fake-
purity reaches the threshold 6, division halts; else, 2-means
proceeds. This iterative process terminates when all granular-
balls’ fake-purity meets the threshold 6.

Algorithm 2 Granular-ball Division

Input: Dataset X € R™*?, Pseudo-labels Y € R™*1;
Output: Anchor point set B € R™*"1;

: Select the top p1 features index IND1 with the highest MI
values from d features, where MI is calculated by Eq. (12);

—_

2. X' = X[;,IND1];

3: Initialize X’ € R™"*”! as a granular-ball GB;

4: GBS = {GB};

5. while True do

6: OLD_GB_NUM = length(GBS);

7: for each GB; in GBS do

8: if I’ — purity(GB;) >= 0 then

9: continue;

10: else

11: Select the top p2 features index /N D2 with the
highest score values from the p; features of X';

12: GB; = GB;[;,IND2];

13: Use 2-means to divide G B, into Childl and Child2;

14: GBenita1 = GB; [Childl, :];

15: G Benita2 = GB; [Child?, :];

16: GBS = GBS U GBcrita1 U GBepira;

17: GBS = GBS - GB;; I/ removing GB;

18: end if

19: end for

20: NEW_GB_NUM = length(GBS);

21: if OLD_GB_NUM == NEW_GB_NUM then

22: break;

23: end if

24: end while

25: Calculate the center of each GB in GBS as the anchor point set
B according to Eq. (19) - (20);

26: return B;

After obtaining m granular-balls, we then use Def. 6 to
designate the center point of each granular-ball as an anchor
point, thereby obtaining the anchor point set B.

A granular-ball’s quality is gauged by its fake-purity. High
fake-purity signifies a granular-ball dominated by samples
of a single class, indicating its goodness. Low fake-purity,
conversely, reflects uneven sample distribution, indicating a
poor granular-ball. Thus, for low fake-purity granular-balls, we
employ recursion to further divide them until achieving suffi-
cient fake-purity. However, it’s important to note that setting

the fake-purity threshold too high can result in smaller and
more numerous granular-balls. These overly small granular-
balls may fail to capture the underlying distribution structure
of the data, which may adversely affect subsequent clustering
efficiency.

E. Spectral Clustering

a) Similarity Matrix: We construct the similarity matrix
between anchor points and sample points. When computing
the similarity between anchor points and sample points, we
only use their p; features selected from the first stage feature
selection, instead of the original d features, because these
features are relevant to the cluster label and precisely capture
the relationships between points.

Based on the granular-balls, m anchor points are obtained,
which form the anchor point set B € R™*?1, The sample
points are in the set X’ € R™*P1. The similarity matrix
represents the relationships between each sample and its
nearest anchor points. It is constructed as follows.

Step 1: Use KNN to find the nearest & anchor points for each
sample point, which facilitates the construction of a bipartite
graph connecting sample points and anchor points.

Step 2: Use the Gaussian kernel function to construct the
similarity matrix A € R™*™, where A = {a;; }»xm is defined
as:

7||Ii*bj||§) it b € Ne(z
0 = {exp( 552 if b; e(x;) L)

0 otherwise

where o = n%g S Z?:l lx; — b;||3, and N¢(z;) denotes
the set of the & nearest anchor points to ;.
b) Bipartite Graph Partitioning: The similarity matrix
A reflects the relationship between sample points and anchor
points. By utilizing a bipartite graph structure, transfer cut [38]
can be employed to effectively partition the graph, resulting
in the final clustering outcome.
Given a dataset X, an anchor set B, and a similarity matrix
A, let the bipartite graph be G = (X, B, A). The complete
adjacency matrix of the bipartite graph can be represented as

E=lyr , where £ € R(+m)x(n+m) The graph G
can then be partitioned by solving the following eigenvalue
problem:

Lu = aDu, (22)

where L = D — FE is the Laplacian matrix, and D €
R(n+m)x(ntm) iq the degree matrix corresponding to FE.
To reduce the time and space complexity during eigenvalue
decomposition, we utilize the transfer cut method. This method
transforms the problem of n + m nodes in graph G into a
smaller graph G with m nodes, where the complete adjacency
matrix becomes E, = ATD A, and E, € R™*™. The
eigenvalue problem in the above Eq. (22) is thus transformed
into:

Lsv = BDgv, (23)
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where L; = Ds — Eg, and D; € R™*™ is the degree matrix
corresponding to F.

Finally we can perform eigen decomposition on the Lapla-
cian matrix L¢ by considering the relationship between « and
£ as well as u and v as described in [38]. Following this
meticulous preparation, we integrate K-Means clustering into
the process, harnessing its power to group the data points
within the reduced-dimensional manifold embedding.

The overall algorithm is outlined in Algorithm 3.

Algorithm 3 PLGB-FSC

Input: Dataset X € R"*? the number of clusters k, feature
weight W° = [1,...,1] € R¢ and the number of nearest
neighbors &;
Output: Clustering label;

1: Y = Get Pseudo-labels(X, k, WO); B

2: Anchor point set B = Granular-ball Division(X, Y);

3: Calculate £ nearest neighbors using KNN for sample points X
and anchor point set B;

4: Calculate similarity matrix A according to Eq. (21);

5: Utilize transfer cut based on the bipartite graph structure to obtain
low-dimensional embedding Y (Y € R™**);

6: Execute K-Means clustering on the low-dimensional embedding
Y to categorize the data, yielding the final clustering;

FE. Time Complexity

Given a dataset X € R™*9 where n is the number of
samples, d is the number of features, and k is the number
of clusters. This algorithm mainly consists of three steps: 1)
pseudo-label generation; 2) granular-ball division based on
feature selection; 3) spectral clustering. Next, we analyze the
time complexity of PLGB-FSC in detail.

In step 1, we initialize k centroids using the Max-Min Dis-
tance method with a time complexity of O(dnk?). Each itera-
tion involves assigning samples to centroids O(dnk), updating
centroids O(dn), and adjusting feature weights O(dnk + d?).
Considering the number of iterations ¢ is set to a constant
20, therefore, the time complexity of step 1 is O(dnk?). In
step 2, the first stage feature selection has a time complexity
of O(dn). In each iteration of granular-ball division, we first
conduct the second stage feature selection with O(p?n) time
complexity and then use 2-means to divide the granular-ball
with O(pan) time complexity. Since the number of iterations
in granular-ball division process is log m, granular-ball divi-
sion has a time complexity of O((p3n + pan)logm). Thus,
the time complexity of step 2 is O(dn + p3nlogm). In step
3, the time complexity for utilizing k-nearest neighbors is
O(p1nlogm), constructing the similarity matrix A requires
O(n&py) time complexity, eigen decomposition has a time
complexity of O(m?), performing K-Means clustering on Y’
entails O(nk?) time complexity. The time complexity of step
3 is O(pinlogm + m? + nk?). The overall time complexity
is thus streamlined to O(dnk? + p2nlogm + m?).

IV. EXPERIMENT

In this section, we evaluate PLGB-FSC by comparing it
with baselines and state-of-the-art techniques on real-world
datasets. Experiments were conducted in MATLAB R2018b

on a system with an Intel i5-13500H CPU, 16GB RAM, and
Windows 11. Clustering performance was assessed using NMI
(Normalized Mutual Information) [39], ACC (Accuracy) [40],
and F-measure [41].

A. Dataset

Our experiments were conducted on nine real-world datasets
with various sizes and dimensions, including four face
datasets: COIL20!, ORL!, WaerIEIOPl, and Yale!; three
biological datasets: GLIOMA', ALLAML', and TOX_171';
a hand written image data: USPS' and one cancer dataset:
Sucancer [42]. Detailed information about the datasets is
provided in Table I.

TABLE I
DATASETS
Dataset Object  Dimensions  Classes
USPS 7291 256 10
COIL20 1440 1024 20
ORL 400 1024 40
Yale 165 1024 15
warpPIE10P 210 2420 10
GLIOMA 50 4434 4
TOX_171 171 5748 4
ALLAML 72 7129 2
Sucancer 174 7909 2

B. Comparison Methods

In this experiment, we compared a traditional unsupervised
clustering algorithm, two weighted clustering algorithms, and
state-of-the-art feature selection clustering algorithms(These
comparison algorithms inherently include the clustering pro-
cess).

(1) baseline-SC [43]: The traditional spectral clustering that
constructs k-nearest neighbor graph and uses the eigenvectors
of the normalized Laplacian matrix to perform clustering.

(2) W-KMeans [44]: A K-Means clustering algorithm that
can automatically compute feature weights.

(3) WGB [26]: A novel weighted granular-ball structure
that dynamically optimizes feature weights during granular-
ball division.

(4) GB-USC [25]: A spectral clustering algorithm that
introduces granular-ball to obtain anchor points, where K-
Means divides the granular-ball if its sample count exceeds
threshold p.

(5) GLUFC [45]: An unsupervised feature selection al-
gorithm which combines graph learning and the 3 o-norm
sparsity constraint.

(6) FGOC [46]: A feature selection algorithm that is based
on feature grouping and orthogonal constraints.

(7) SFESA [7]: A feature selection algorithm that builds
an adaptive anchor nearest neighbor graph and approximates
the projected data to the low-dimensional structure via a regu-
larization term, with the I3 g-norm constraining the projection
matrix for enhanced sparsity.

Thttps://jundongl.github.io/scikit-feature/datasets.html
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TABLE 11

AVERAGE PERFORMANCE (IN TERMS OF NMI, ACC, AND F-MEASURE) FOR REAL DATASETS (%)
(THE OPTIMAL RESULTS ARE HIGHLIGHTED IN BOLD AND THE SUBOPTIMAL RESULTS ARE UNDERLINED)

NMI USPS  COIL20  ORL Yale warpPIEIOP ~ GLIOMA  TOX_171  ALLAML  Sucancer
SC 80.29 50.11 24.60  22.07 9.86 11.13 3.14 1.34 2217
W-KMeans 59.77 68.11 7390  47.13 29.72 59.43 264 18.94 3.78
WGB 17.76 68.93 75.57  44.20 37.39 28.52 25.23 13.18 19.72
GB-USC 78.41 84.73 74.63  44.98 26.36 50.31 16.16 15.47 23.17
RC-PCA-SC  65.79 73.31 79.95  40.03 61.08 19.99 8.15 1.66 1.17
GLUFC 63.11 80.86 75.14  50.16 34.38 52.36 22.87 12.98 12.20
FGOC 71.27 74.58 68.02  40.46 5991 19.80 12.52 18.36 9.97
SFESA 55.57 69.36 70.56  45.71 36.78 12.74 28.60 14.43 12.48
SPCAFS 5531 63.25 67.57  45.25 49.18 16.00 28.14 22.61 10.73
LLSRFS - 81.79 7947  57.96 43.77 59.08 30.15 17.13 22.47
PLGB-FSC 86.35 93.58 8229 57.79 59.91 57.99 30.02 28.93 23.17
ACC USPS  COIL20  ORL Yale warpPIEIOP ~ GLIOMA  TOX_171  ALLAML  Sucancer
SC 66.47 27.15 12.60  18.18 17.71 36.00 29.82 51.39 53.45
W-KMeans 61.84 53.88 48.75  38.18 28.09 56.00 50.29 76.38 50.00
WGB 16.38 53.01 5498 3545 34.62 49.1 47.39 73.61 67.75
GB-USC 70.44 76.45 54.05  38.06 26.19 55.60 43.63 73.61 52.30
RC-PCA-SC  69.26 58.13 63.75  35.16 54.07 46.00 36.84 63.89 52.87
GLUFC 68.76 71.46 5475 43.03 30.95 58.00 47.95 72.22 64.94
FGOC 7547 62.90 4538  33.58 52.33 47.40 41.17 75.14 67.70
SFESA 59.70 53.47 48.85  38.67 33.05 42.80 49.24 70.56 67.24
SPCAFS 59.21 50.74 45.60  39.15 42.76 45.60 48.19 64.27 61.84
LLSRFS - 74.03 6240  50.67 37.05 68.00 53.68 75.00 67.24
PLGB-FSC 83.24 88.68 65.75  49.09 54.29 74.00 50.88 81.94 67.24
F-measure USPS  COIL20 ORL Yale warpPIEIOP  GLIOMA  TOX_171 ALLAML  Sucancer
SC 75.24 32.40 16.02  20.34 19.74 41.88 37.70 60.24 66.50
W-KMeans 65.32 57.59 53.12 4421 34.23 66.49 50.14 76.60 66.16
WGB 19.23 58.11 5797  39.16 39.67 48.15 50.94 73.39 64.04
GB-USC 76.81 78.61 57.69  42.83 28.99 61.86 47.53 74.07 63.36
RC-PCA-SC  71.58 61.53 64.94  38.62 62.47 50.37 44.51 68.98 66.61
GLUFC 71.07 73.90 59.50 4493 48.18 58.31 47.47 72.63 62.68
FGOC 73.28 64.86 49.99  36.24 56.54 52.01 46.18 75.14 66.83
SFESA 63.11 58.82 5251 42.90 37.06 49.77 52.94 70.91 63.72
SPCAFS 62.54 52.98 48.82 4245 48.03 51.44 50.41 67.92 60.28
LLSRFS - 75.60 66.01  57.13 44.96 69.08 52.75 75.37 63.36
PLGB-FSC 87.15 89.96 68.71  57.95 63.15 73.55 55.09 82.02 63.37

(8) SPCAFS [6]: An unsupervised feature selection algo-
rithm in which PCA is formulated as a reconstruction error
minimization with [ ,-norm regularization to sparsify the
projection matrix, used to select discriminative features.

(9) LLSRFS [47]: An unsupervised feature selection al-
gorithm in which an exponential weighting mechanism is
introduced to guide feature distribution and explore the data
structure in the feature subspace.

(10) RC-PCA-SC [48]: A spectral clustering algorithm that
introduces an elementary cost and storage reduction method
for spectral clustering and principal component analysis.

C. Parameters Setting

The number of features for the comparison algorithms is
searched from the grid {20, 40, 60, ..., 200}. All other
parameter configurations adhere strictly to the original paper’s
specifications. In the PLGB-FSC algorithm, the number of
iterations ¢ to get the pseudo-labels is set to 20. During the
first stage feature selection, the number of features p; retained
for each dataset is as follows: USPS (256), COIL20 (800),
ORL (450), warpPIE10P (400), Yale (400), GLIOMA (400),
Sucancer (400), ALLAML (2000), and TOX_171 (1000). For
the second stage feature selection, the number of retained
features po is searched from the grid {50, 60, 70, ..., 200}.

The selection of p; and ps is based on the parameter sensitivity
analysis shown in Fig. 6. When constructing the similarity
matrix, £ is set to 5 to determine the nearest neighbor anchor
points. The fake-purity threshold 6 is searched from the grid
{0.70, 0.75, 0.80, 0.85, 0.90, 0.95}.

D. Experimental Results and Time Analysis

The experimental outcomes for all methods across the nine
benchmark datasets are summarized in Table II, with the
top-performing results emphasized in bold and the second-
best underlined. The results are denoted by “-” if the algo-
rithm cannot obtain results due to memory limitations. The
PLGB-FSC method significantly outperforms the baseline-
SC, showcasing substantial improvements across all datasets.
Specifically, PLGB-FSC achieves average NMI, ACC, and F-
measure scores of 57.78%, 68.35%, and 71.22%, surpassing
the state-of-the-art high-dimensional data clustering algorithm,
LLSRFS, which reports averages of 48.98%, 61.01%, and
63.03% in these metrics. This translates to improvements of
8.80%, 7.34%, and 8.19% for PLGB-FSC. The PLGB-FSC al-
gorithm exhibits a marginal deficit in NMI and ACC compared
to LLSRFS on the Yale and TOX_171 datasets. Similarly, on
the Sucancer dataset, its ACC and F-measure fall slightly short
of the best results by 0.51% and 3.46%, respectively. On the
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TABLE III
THE AVERAGE RUNNING TIME OF 5 RUNS FOR EACH ALGORITHM ON REAL DATASETS (S)
(THE OPTIMAL RESULTS ARE HIGHLIGHTED IN BOLD AND THE SUBOPTIMAL RESULTS ARE UNDERLINED)

Time USPS COIL20 ORL Yale warpPIE10P GLIOMA TOX_171 ALLAML Sucancer
Ne 1.80 0.61 1.23 0.7 0.3 0.07 0.23 0.05 0.19
W-KMeans 1.55 1.56 067  0.17 0.52 0.93 1.82 244 3.04
WGB 18672 52.03 1175 3.14 33.06 20.17 136.74 64.44 175.41
GB-USC 19.05 0.38 007  0.02 0.05 0.02 0.09 0.04 0.17
RC-PCA-SC  6.62 0.90 033 0.5 0.20 0.21 0.33 0.24 0.43
GLUFC 61.75 442 170 1.88 13.07 41.26 88.07 143.44 208.07
FGOC 52901 49186  192.85 63 1018 568.87 1350.72 37412 12024
SFESA 16.29 1.79 085 032 571 42.12 94.13 189.95 254.14
SPCAFS 4.94 2167  49.19  58.84 35.48 3257.55 1804.58 232128  19585.12
LLSRFS - 23062 1703 0.77 13.63 17.87 4320 66.07 50.26
PLGB-FSC 8895 8.58 147 067 2.04 3.63 6.15 7.66 9.18

GLIOMA dataset, the sole setback is a 1.09% decrease in NMI
relative to LLSRFS. Nevertheless, PLGB-FSC shines brightly
on most datasets, notably surpassing LLSRFS with a 6%
and 6.94% increase in ACC on the GLIOMA and ALLAML
datasets, respectively. This exhaustive experimental validation
underscores the potency and efficacy of the proposed method.

As evident from Table III, the PLGB-FSC method demon-
strates superior speed compared to WGB, FGOC, SPCAFS,
and LLSRFS across all datasets. Notably, on the Sucancer
dataset, PLGB-FSC operates 211.46 times quicker than SP-
CAFS. Furthermore, it outperforms GLUFC and SFESA in
terms of runtime on the majority of datasets. While SC, W-
KMeans, GB-USC, and RC-PCA-SC may run faster, their
accuracy lags significantly behind PLGB-FSC. Across all
datasets, our algorithm boasts an average runtime of just 14.26
seconds, significantly outpacing GLUFC (62.63s), FGOC
(13449.52s), SFESA (67.25s), SPCAFS (3015.41s), and LL-
SRFS (54.93s). In fact, compared to the fastest competitor
LLSREFS, our average runtime improvement is a remarkable
74.04%. As the feature dimensionality escalates, our algo-
rithm’s performance in terms of speed becomes even more
pronounced.

E. Experiment on Real Hyperspectral Image Dataset

To validate the clustering performance of the proposed
algorithm, we conducted experiments using the Pavia Univer-
sity 2 hyperspectral image dataset. This dataset, captured by
the ROSIS-03 system in 2003, covers part of Pavia, Italy. It
contains 115 spectral bands in the 0.43-0.86 um range with
1.3-meter spatial resolution. After removing 12 noisy bands,
103 bands remain for use. The dataset consists of 610x340
pixels (2,207,400 total), but only 42,776 pixels represent land
cover types, categorized into 9 groups, such as Trees, Asphalt,
and Bricks. A sample image and ground truth are shown in
Fig. 3 (a).

Since the PaviaU dataset is of size 610 x 340 x 103, most
of the comparison algorithms experience memory issues when
running on the entire dataset. Therefore, we followed the
approach from the comparison algorithm GB-USC, randomly
selecting 5000 data samples for running, and assigning the

labels of the remaining samples to the labels of the nearest
point among the 5000 samples. Despite selecting only 5000
samples, some comparison algorithms still encounter memory
issues and cannot provide results. Therefore, We compared
the algorithms SC, W-KMeans, WGB, GB-USC, GLUFC, and
SFESA, which successfully provided results.

N

(h)

@ © O @

()
Fig. 3. Comparison of clustering results in PaviaU dataset. (a) Ground truth.

(b) SC. (c) W-KMeans. (d) WGB. (e) GB-USC. (f) GLUFC. (g) SFESA. (h)
PLGB-FSC.

(b)

TABLE IV
THE CLUSTERING RESULTS OF ALGORITHMS FOR THE PAVIAU DATASET
(THE OPTIMAL RESULTS ARE HIGHLIGHTED IN BOLD)

NMI ACC F-measure Time

SC 57.15  53.99 56.73 83.15
W-KMeans ~ 50.84  47.52 51.95 3.03
WGB 39.58 4123 35.93 5243
GB-USC 59.85  58.37 60.92 1.50
GLUFC 5334 5020 55.00 88.49
SFESA 5293 49091 54.50 71.97
PLGB-FSC  62.22  61.78 62.10 12.37

Fig. 3 and Table IV showcase the experimental results,
with the top-performing outcomes highlighted in bold. Our
algorithm PLGB-FSC demonstrates a superior clustering per-
formance compared to other algorithms. Specifically, PLGB-
FSC surpasses the second-best results by 2.37% in NMI,
341% in ACC, and 1.18% in F-measure. Furthermore, it
exhibits an advantage in terms of time consumption, making
it an efficient and effective solution.

F. Ablation Experiment

In this section, we delve into assessing the influence of
various components on clustering performance: the first and
second stages of feature selection, and the utilization of

Zhttps://www.ehu.eus/ccwintco/index.php/HyperspectralRemoteSensingScenes granular-balls. To do so, we created four ablated models by
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TABLE V
RESULTS OF ABLATION STUDY ON 9 DATASETS(%)
(THE OPTIMAL RESULTS ARE HIGHLIGHTED IN BOLD)

Methods USPS  COIL20 ORL Yale warpPIEIOP ~ GLIOMA  TOX_171 ALLAML  Sucancer
without first_FS 84.75 92.73 82.21 55.36 47.78 54.73 26.25 23.49 23.02
without second_FS 81.78 84.69 77.66 5227 57.74 53.69 19.63 12.04 23.17
NMI without all_FS 83.22 87.03 79.80  52.86 35.99 50.77 12.38 10.81 20.67
without anchor points 85.99 90.37 81.95  52.10 54.71 53.27 17.61 22.48 20.92
generate anchor points with W-KM 74.30 91.05 79.21 54.68 56.50 53.13 24.01 15.41 23.17
PLGB-FSC 86.35 93.58 82.29  55.37 58.44 56.74 30.02 28.93 23.17
without first_FS 82.57 84.04 65.15  47.76 38.95 63.20 49.71 77.78 67.13
without second_FS 69.84 75.15 57.90 4497 50.67 62.00 46.55 70.56 67.24
ACC without all_FS 72.24 78.25 60.85  46.30 32.57 62.00 40.35 69.17 66.67
without anchor points 82.29 75.08 65.25 4485 50.95 66.00 43.86 79.17 66.90
generate anchor points with W-KM 74.09 85.49 61.75 4642 51.33 70.00 49.47 72.22 67.24
PLGB-FSC 83.24 88.68 65.75  48.73 53.05 74.00 50.88 81.94 67.36
without first_FS 86.47 86.80 6822  53.83 46.26 68.86 49.18 77.40 63.37
without second_FS 77.27 78.32 6126  49.98 61.37 64.01 48.83 71.12 63.37
F-measure without all_FS 79.67 81.15 64.14 5248 37.88 62.76 45.45 69.03 63.19
) without anchor points 87.07 81.43 68.07 51.14 63.31 66.85 49.08 79.06 63.26
generate anchor points with W-KM 77.08 86.85 6449  52.83 61.83 70.28 50.12 72.63 63.37
PLGB-FSC 87.15 89.96 68.71  55.31 62.49 73.76 55.09 82.02 63.37
TABLE VI
THE RESULTS OF ANCHOR POINTS OBTAINED USING DIFFERENT METHODS (%)
(THE OPTIMAL RESULTS ARE HIGHLIGHTED IN BOLD AND THE SUBOPTIMAL RESULTS ARE UNDERLINED)
Methods USPS COIL20 ORL Yale warpPIEIOP  GLIOMA  TOX_171 ALLAML  Sucancer

farthest-point_SM  81.49 86.60 7324  51.19 49.29 51.31 13.26 20.94 23.17

NMI WGB_DM_SM 83.44 88.27 7724  51.63 2422 48.16 25.04 12.16 22.47

PLGB-FSC 86.35 93.58 82.29 5537 58.44 56.74 30.02 28.93 23.17

real_label 88.15 94.03 83.52  59.29 60.82 59.38 28.47 42.70 23.17

farthest-point_SM  78.19 80.00 55.00 44.24 44.76 60.00 44.44 77.78 67.24

ACC WGB_DM_SM 79.05 77.59 58.00 44.85 25.71 57.20 46.78 72.22 67.24

PLGB-FSC 83.24 88.68 65.75  48.73 53.05 74.00 50.88 81.94 67.36

real_label 83.42 89.10 69.50  49.70 50.48 76.00 50.29 87.50 67.36

farthest-point_SM  82.41 81.14 57.62 4771 52.28 59.78 45.15 77.96 63.37

Fomeasure WGB_DM_SM 80.34 80.87 60.85  49.44 30.08 58.41 49.30 72.45 63.37

PLGB-FSC 87.15 89.96 68.71 55.31 62.49 73.76 55.09 82.02 63.37

real_label 87.60 90.29 71.57 5778 56.59 75.57 54.15 87.29 63.37

excluding these elements: one without the first stage feature se-
lection (“without first_FS”), another without the second stage
(“without second_FS”), a third omitting both stages (“without
all_FS”), and a fourth discarding the granular-balls approach
(“without anchor points”). Furthermore, we utilize the W-
KMeans algorithm to generate granular-balls, designated as
“generate anchor points with W-KM”. As seen in Table V,
the optimal outcomes are emphasized in bold.

Omitting the first stage feature selection reveals that irrel-
evant features hinder the construction of the similarity ma-
trix, adversely affecting performance. Similarly, excluding the
second stage selection highlights the importance of removing
redundant features, as they negatively impact the granular-
ball division. When all feature selection stages are absent,
accuracy notably declines, underscoring their significance.
In the absence of granular-balls (“without anchor points”),
noisy data obscures the data’s intrinsic structure. Altering
the granular-ball generation approach (“generate anchor points
with W-KM”), we observed that its performance did not
exceed our proposed method. This is primarily attributed to
the fact that W-KMeans focuses on capturing the overall

data distribution from a global standpoint, resulting in the
neglect of local features and intricate details within the dataset.
Consequently, the anchors produced lack adequate typicality
and representativeness.

Hence, our model consistently surpasses the five ablation
variants across datasets, validating the synergy of its com-
ponents for clustering. Notably, the “without anchor points”
model achieves the highest F-measure on warpPIE10P, but this
is only 0.82% higher than PLGB-FSC, due to the sensitivity
of F-measure to Precision and Recall. It is worth noting that
the granular-ball we proposed and the granular-ball division
based on pseudo-labels and feature selection have a positive
impact on the experimental results.

G. Comparison of Different Granular-ball Division Methods

To demonstrate that the anchor points generated by the
granular-balls in our algorithm are superior. We replaced
the anchor points generation method in PLGB-FSC with the
methods from [25] and [26], referred to as the ‘“farthest-
point splitting method” and “weighted GB based on DM
splitting method”, abbreviated as “farthest-point_SM” and
“WGB_DM_SM”, respectively. Additionally, we replaced the
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pseudo-labels in the PLGB-FSC algorithm with real labels,
referred to as “real_label”.

As shown in Table VI, the optimal results are highlighted in
bold and the suboptimal results are underlined. The “farthest-
point_SM” and “WGB_DM_SM” methods match our algo-
rithm’s accuracy solely on the Sucancer dataset, displaying
notable variations across other datasets. This indicates that
the anchor points generation methods from [25] and [26] are
not as effective as the method used in PLGB-FSC. This also
confirms that incorporating the second stage feature selection
and using fake-purity to assess the quality of granular-balls is
effective and significantly improves performance. The average
NMI, ACC, and F-score for “real_label” are 59.95%, 69.26%,
and 71.58%, for PLGB-FSC are 57.78%, 68.35%, and 71.22%.
Compared to PLGB-FSC, “real_ label” exhibit a 2.17% higher
NMI, a 0.91% higher ACC, and a 0.36% higher F-score. This
implies that although the results achieved using pseudo-labels
are slightly lower than those using real labels, the differences
are minimal and fall within an acceptable range. This further
underscores the rationality, feasibility, and effectiveness of
using pseudo-labels. More importantly, in scenarios where real
labels are scarce or unattainable, our method demonstrates
broader applicability and emphasizes its practical value, show-
casing exceptional performance in practical applications.

—&— vale
WarpPIET0P
—#— GLIOMA
TOX_171
—+— ALLAML

Fig. 4. ACC results on eight datasets with different & when p; and p2 is
fixed.

H. Parameter Sensitivity Analysis

Fig. 4 illustrates the various influence of distinct thresholds
0 on the outcomes, with p; and po held constant. Among
the datasets, ALLAML exhibits the most significant variabil-
ity, where the performance gap between the best and worst
cases amounts to 8.33%. Conversely, the remaining datasets
experience fluctuations no greater than 4.51%. Notably, the
results for Sucancer remain strikingly consistent. Moreover,
the optimal value of # varies across datasets, as exemplified
by 0.70 for Yale, 0.75 for COIL20, and 0.85 for ORL.

Fig. 5 demonstrates the sensitivity to the choice of selected
features, p; and ps , with the threshold 6 held constant. Note
that the number of ps must be smaller than p;, resulting in
some NaN values in (a). TOX_171 and ALLAML exhibit
pronounced variations. Specifically, TOX_171 is primarily
influenced by p; , though changes beyond 1000 features are
minimal. For ALLAML, p; has a more significant impact

than po , with py peaking around 380 when p; is fixed. The
remaining datasets show lesser sensitivity to both p; and po.

In summary, the experimental outcomes reveal that parame-
ters 0, p; and po exert various levels of impact on the perfor-
mance across different datasets. Specifically, the ALLAML
and TOX_171 datasets demonstrate the highest sensitivity
to parameter adjustments, showcasing marked fluctuations.
Conversely, the remaining datasets exhibit relative stability.
Consequently, PLGB-FSC typically demonstrates parameter
insensitivity for the majority of datasets, with only a minority
potentially requiring parameter optimization.

0 @) (h) 0

Fig. 5. Parameter sensitivity demonstration on eight public datasets when
6 = 0.85. The x-axis represents p1, the y-axis represents p2, and the z-axis
represents ACC. (a) USPS. (b) COIL20. (c) ORL. (d) Yale. (e) warpPIE10P.
(f) GLIOMA. (g) TOX_171. (h) ALLAML. (i) Sucancer.

V. CONCLUSION

This paper introduces a fast spectral embedding clustering
algorithm PLGB-FSC based on feature selection and pseudo-
labeled granular-balls for high-dimensional data unsupervised
clustering. It integrates feature selection with pseudo-labeled
granular-balls. PLGB-FSC first assigns pseudo-labels using
feature-weighted K-Means and selects relevant features based
on mutual information. A second round of feature selection
utilizes standard deviation and pearson correlation coefficient
to aid granular-ball division, with fake-purity assessing their
quality. Anchor points from these granular-balls form a sim-
ilarity matrix with all samples, facilitating spectral clustering
for final results. Comprehensive experiments on 9 benchmarks
and a hyperspectral dataset validate PLGB-FSC’s efficacy
and superiority over 10 other algorithms, demonstrating faster
performance and superior clustering outcomes due to its
innovative feature selection and granular-ball approach.

However, our approach entails a number of parameters, with
two of them optimized through a grid search. To tackle these
hurdles, we aim to explore adaptive granular-ball division
strategies in the future. This will eliminate the dependency on a
predetermined threshold € during the division phase, thereby
enhancing the model’s versatility across varied datasets. As
for the quantity of features selected, we are committed to
devising solutions to streamline this aspect, paving the way
for promising avenues of future research.
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